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Abstract 
We investigate the electron transport and thermoelectric property of twisted bilayer graphene 
nanoribbon junction (TBGNRJ) in 0o, 21.8o, 38.2o and 60o rotation angles by first principles 
calculation with Landauer-Buttiker and Boltzmann theories. It is found that TBGNRJs exhibit 
a strong reduction of thermal conductance compared with the single graphene nanoribbon 
(GNR) and negative differential resistance (NDR) in 21.8 o and 38.2 o rotation angles under 
 V bias voltage. More importantly, three peak ZT values of 2.0, 2.7 and 6.1 can be ± 0.2
achieved in the 21.8o rotation angle at 300K. The outstanding ZT values of TBGNRJs are 
interpreted as the combination of the reduced thermal conductivity and enhanced electrical 
conductivity at optimized angles. 
1 Introduction
Graphene is the first true 2-dimensional (2D) material, which consists of carbon atoms forming 
regular hexagonal lattice[1]. In the prior research, many outstanding properties of graphene 
were discovered, such as high electrical conductivity and carrier mobility[2-6], high thermal 
conductivity[7], and superior mechanical properties[8, 9]. Hence graphene can have many 
applications in electronic and mechanical devices. In particular, it has been applied in 
thermoelectric devices[10, 11]. The energy conversion efficiency of thermoelectric materials 
can be described by the figure of merit , where the , S and T are the 𝑍𝑇 = 𝑆2𝐺𝑒𝑇/(𝜅𝑒 + 𝜅𝑝ℎ) 𝐺𝑒
electrical conductance, Seebeck coefficient and temperature, respectively.  and  are the 𝜅𝑒 𝜅𝑝ℎ
heat transport coefficient of electrons and phonons. A good thermoelectric material should have 
a high electrical conductivity, Seebeck coefficient and low thermal conductivity. On one hand, 
the Dirac-cone band structure of graphene makes it to display a high electrical conductivity[5, 
6]. On the other hand, the thermoelectric performance of graphene is poor because of its high 
thermal conductivity, and the closed bandgap which leads to a small Seebeck coefficient[12]. 
As a result, the key to improve the ZT of graphene devices is find a trade-off between the 
Seebeck coefficient, electrical conductance and heat transport coefficient. In prior studies, the 
specially designed nanostructured graphene can have increased Seebeck coefficient and 
suppressed heat transport coefficient without greatly reducing electrical conductance due to the 
quantum confinement effect[10, 13, 14]. In these graphene devices, graphene nanoribbons 
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(GNRs) has demonstrated better thermoelectric performances as the Seebeck coefficient and 
ZT value can be increased by the finite size effect[15-18]. One of earlier attempts on the 
thermoelectric performance of GNRs was reported by Ouyang et al[18]. They found that a 
higher Seebeck coefficient in GNRs compared with the pristine graphene is attributed to the 
edge geometry of GNRs, which plays an important role in enhancing the thermoelectric 
performance. In 2012, Jin et al reported that the armchair GNR exhibits a higher ZT value than 
zigzag GNRs, and ZT value increases with the decrease of the GNRs width[15]. A chevron 
type edge GNR was proposed demonstrating a ZT value of 3.25 at 800 K[19]. Nguyen et al 
discovered that the thermal conductance in the bilayer GNRs is hundreds times weaker than 
the pristine graphene because the weak van der Waals (vdW) interaction between two 
layers[20]. In recent several years, in order to improve thermoelectric performance of GNRs, 
different schemes based on more sophisticated GNR nanostructures have been designed [21, 
22], such as using boundary effect[16, 23, 24], interface effect[25], doping[17, 26], and 
structure defect or wrinkles[27-30]. 
Bilayer graphene structures with optimized twisting angles aiming to achieve much improved 
performances such as high temperature superconductivity and strong interlayer coupling have 
been theoretically and experimentally investigated recently [31-34]. Because the bilayer 
graphene structure efficiently limits the thermal conductivity in the normal direction to the 2D 
plane attributed to the vdW force[20], this will lead to a new approach to further increase the 
thermoelectric performance. 
In this work, the electron transport and thermoelectric performance of twisted bilayer graphene 
nanoribbon junction (TBGNRJs) in 0 o, 21.8 o, 38.2 o and 60 o rotation angles are systematically 
researched using the first principles method, which has been applied in previous studies on 
GNR junctions[20, 35]. It is discovered that that TBGNRJs exhibit negative differential 
resistance (NDR) in 21.8 o and 38.2 o rotation angles under  V bias voltage. Moreover, ± 0.2
ZT values of 2.0, 2.7 and 6.1 can be achieved at different chemical potentials for the 21.8 o 
rotation angle at 300K.
2 Computational procedure
The theoretical simulation of the twisted bilayer graphene structures starts with the Generalized 
Lattice Match (GLM) method, which is for investigating the relationship between the mismatch 
strain and the number of atoms[36]. The optimization of twisting angles is conducted by using 
the balanced mismatch strain and number of atoms, it is targeted to have a lower mismatch 
strain and at the same time a smaller number of atoms. As shown in the Figure 1(a) and (b), 
the vectors v1 and v2 defined the surface cell of the bottom graphene layer while the vectors u1 
and u2 as the surface cell of the top graphene layer. The relationship between [v1, v2] and [u1, 
u2] is expressed as A[u1, u2] = [v1, v2], where A is the affine transformation matrix. The rotation 
matrix U has a form as[36].
                                                    (1)𝐔 = [cos (𝜙) ―sin (𝜙)sin (𝜙) cos (𝜙) ]
                                                           (2)𝜙 = |𝜙𝑎 ― 𝜙𝑏|/2
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                                                                (3)𝐏 = 𝑼𝑻𝐀
where,  is the twisting angle of bilayers graphene,  is the angle between the vectors u1 𝜙 𝜙𝑎
and u2,  is the angle between the vectors v1 and v2, matrix P defines the 2D strain tensor 𝜙𝑏
for deforming one cell into the other. We only calculate the twisting angles from 0 o to 60 o 
because the crystal structure of graphene is a regular hexagon. In order to sustain the structural 
stability and avoid having a large size cell, we analyzed the twisting angles of 0 o, 21.8 o, 38.2 
o and 60 o, at which the strain of lattice mismatch is calculated to be 0%. Previous studies have 
shown that AA (0 o rotation angle) and AB (60 o rotation angle) stacking of bilayer graphene 
are the most common stacking style in the research [37]. The other twisting angles (21.8 o and 
38.2 o) were chosen, because they had a small size of cell comparing with other rotation angles.
Figure 1. The surface cell of top (a) and bottom of graphene (b). (c)-(f) show the top view of the atomic 
arrangement of the twisted bilayer graphene with 0 o, 21.8 o, 38.2 o and 60 o rotation angles, respectively.
All the modelling and calculations have been implemented by the Quantum Atomistix ToolKit 
(ATK2018) simulation tools[38]. Calculations of the electronic properties have been 
performed within the framework of density functional theory (DFT). In the geometry 
optimization, we use the semi-empirical corrections by the Grimme DFT-D2 model to calculate 
the distance between two layers, which accounts the long-range vdW interaction [39]. The 
structure is fully relaxed until the force on each atom becomes smaller than 0.01 eV/Å. The 
generalized gradient approximation (GGA) with the parametrization of Perdew-Burke-
Ernzerhof (PBE), cut-off energy of 150 Ry and 12×12×1 k-points grid were used. To avoid the 
interaction of the periodic boundary conditions, a large vacuum spacing of at least 25 Å is 
added along the normal direction to the electrons transport plane. In our transmission 
calculation, the device model is divided into central part, left and right electrodes. The Brillouin 
zone of the junction is sampled by a 1×1×100 k-mesh and a double-zeta polarized for all atoms. 
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The electronic and phonon transmissions are calculated by the nonequilibrium Green function 
method and molecular dynamics method, respectively. The calculated rotation angle ( ), lattice 𝜃
constant (a), mean absolute strain ( ) and surface distance between two layers (d) are listed in 𝜀
Table 1. For AA (0 o rotation angle) and AB (60 o rotation angle) stacking structures of bilayer 
graphene, the interface distance is 3.35 , which is close to those of the same bilayer graphene  Å
structures in references[40, 41]. As shown in Figure 2, the fat band structures and projected 
shells for four twisted bilayer graphene cells have been calculated along the path through Г-M-
K-Г. The energy bands originated from the s, p and d orbitals are marked by red, blue and green 
lines, respectively. We obtained two Dirac cones around the K-point originated from p orbital 
because the band splitting occurs when two graphene layers interact. The splitting between the 
bands in the Dirac cones is responsible for low-dispersion bands near the M point[41, 42]. 
Although the top views of the atomic arrangement of the twisted bilayer graphene cells (Figure 
1) look different, the band structures calculated for the rotation angles 0° and 60° seem very 
similar, the same for the rotation angles 21.8° and 38.2°. It is because that the crystal structure 
of graphene is a regular hexagon, which has rotational symmetry. The 0° and 60° (21.8° and 
38.2°) are two sets of rotational symmetry angles. The similarity of band structures with 
rotational symmetry angles were described in reference [43].
Table 1. Rotation angle ( ), lattice constant (a), mean absolute strain ( ), and surface distance between two layers 𝜃 𝜀
(d) for bilayer graphene.
𝜃 (°) a (Å) ℰ d (Å)
0 2.46 0% 3.35
21.8 6.51 0% 3.25
38.2 6.51 0% 3.25
60 2.46 0% 3.35
Figure 2. The computed fat band structures and projected shells of bilayer graphene structures with 0 o (a) 21.8 
o (b), 38.2 o (c) and 60 o (d) rotation angles. 
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Based on these twisted bilayer graphene structures, overlapped TBGNRJs has been devised, 
followed by the investigation on electron transport and thermoelectric performance. Figure 3 
shows the details of the device model, which is divided into central scattering region (SR), left 
electrode (LE) and right electrode (RE). The length of the overlap region in the TBGNRJs is 5 
unit-cells along the transport direction, which is the minimum length that avoids modelling 
imperfectness, i.e. length shorter than 5 unit-cells will result in overlapped part entering to the 
electrode extension region. With the increase of the overlap length, the interlayer coupling 
enhances, which leads to increase of thermal conductance and reduction of ZT, which is 
consistent with the prior reference [20]. Moreover, models with longer overlap regions take 
much longer time to compute.
Figure 3. The top view of the 0 o (a) 21.8 o (b), 38.2 o (c) and 60 o (d) TBGNRJs.
3 Results and discussion
First, we investigate the I-V characteristics of these TBGNRs. The current across a TBGNR 
can be calculated from the Landauer-Buttiker equation[44]:
                       (4)𝐼 = 𝑒ℎ∫𝑑𝐸(𝑓𝐿(𝐸) ― 𝑓𝑅(𝐸))𝑇𝑒(𝐸)
Where,  is the total electron transmission,  and  are the 𝑇𝑒(𝐸) = 𝑇𝑟[𝑡 + 𝑡](𝐸) 𝑓𝑅(𝐸) 𝑓𝐿(𝐸)
Fermi distribution functions of the right and left electrode, respectively.
Figure 4(a) shows the calculated current as a function of the bias voltage for the TBGNRJs in 
0 o, 21.8 o, 38.2 o and 60 o rotation angles. With the increase of the bias voltage, the current 
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displays an increasing trend. Moreover, the I-V curves of 0 o exhibit a behavior similar to a 
back-to-back p-n junction. However, it is not the case for the 60 o TBGNRJ where the I-V curve 
exhibits transistor-like behavior. Similar results were shown in a prior publication[40]. We 
calculated the I-V curves with different widths for 0 o and 60 o TBGNRJs in Figure 4(c) and (d). 
For two graphene cells width, the I-V curves of 0 o and 60 o TBGNRJs show back-to-back p-n 
junction and transistor behavior, respectively. However, with the increase of the width, the 
shape of I-V curves changed, which means that the electronic transport properties of graphene 
nanoribbons strongly depend on their width [45]. Because of connecting only the top layer to 
the left electrode and bottom layer to the right electrode, the current flowing through the 
interface depends on the coupling between bilayers. For 0 o and 60 o rotation angles, different 
interlayer angles induce different interlayer coupling and electronic transport, which causes 
various development trends of I-V curves. At 21.8 o and 38.2 o rotation angles, the I-V and dI/dV 
curves (Figure 4(b)) are asymmetric, which is due to the non-central symmetric structure in the 
twisted junctions. Under the 1 V bias voltage, the current intensity of 21.8 o TBGNRJ is higher 
than 38.2 o TBGNRJ, while this relationship reverses at the -1 V bias voltage. Under the 0 o and 
60 o rotation angles, the I-V and dI/dV curves exhibit symmetric behavior. For the I-V curve, 
under the same magnitude of the bias voltage, the current intensity of 0 o TBGNRJ is smaller 
than 60 o TBGNRJ for all voltages. For the dI/dV curves, the value of 60 o TBGNRJ is higher 
than 0 o TBGNRJ from -0.6 V to 0.6 V. However, 60 o TBGNRJ is lower than 0 o TBGNRJ at 
the rest voltages. More interestingly, the I-V and dI/dV curves demonstrate NDR in 21.8 o and 
38.2 o rotation angles under  V bias voltage, which is mainly caused by transmission ± 0.2
spectra under different bias voltages [46-48]. Although the calculated NDR is rather small, the 
NDR effect linked with the bias voltage was proposed in a prior research [49]. The physical 
reason of the NDR can be explained by analyzing the relationship between the transmission 
spectra and the applied bias voltage. Taking the 21.8 o rotation angle as an example, the 
transmission spectra are displayed for the bias voltages of 0.2 V, 0.4 V, 0.6 V, 0.8 V and 1.0 V 
in the Figure 4(e). Under the 0.2 V bias voltage, the bias window directly related to the bias 
voltage is defined by ±0.1 eV around the Fermi level. The current rises to about 1.7 μA, which 
is caused by a peak of transmission spectra within the bias window. At the bias voltages of 0.4 
V and 0.6 V, although the bias window widens, the peak values of transmission spectra within 
the bias window decrease, which indicates a reduced electron transmission. This reflects to a 
clear reduction of the current from about 1.7 μA at 0.2 V to 0.07 μA at 0.6 V and results to a 
peak-to-valley ratio around 24.3. However, with the bias voltage higher than 0.6 V, the peak 
of transmission spectra within the bias window increases, and the current increases 
subsequently.
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Figure 4. The I-V (a) and dI/dV (b) curves of the TBGNRJs with 0 o, 21.8 o, 38.2 o and 60 o rotation angles. (c) 
and (d) show the I-V with 0 o and 60 o TBGNRJs for 2, 3 and 4 graphene cells widths. (e) The electron transmission 
spectra of 21.8 o TBGNRJ under 0.2 V, 0.4 V, 0.6 V, 0.8 V and 1.0 V bias voltages.
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Thermoelectric properties of the TBGNRJs for the above twisting angles have also been 
simulated. Microscopically, the electron transport properties of the TBGNRJs can be described 
by the Boltzmann equation with the Fermi-Dirac distribution fFD(E,T). The electron 
conductance, Seebeck coefficient and heat transport coefficient of electrons are given by[50]:
                            (5)𝐺𝑒(𝑇) = 𝑒2ℎ 𝐿0
                                                               (6)  S(T) = 1𝑒𝑇𝐿1𝐿0
                           (7)𝜅𝑒(𝑇) = 𝐿0𝐿2 ― 𝐿21ℎ𝑡𝐿0
Where, e and h are the electron charge and Planck’s constant.
             (8) 𝐿𝑛(𝑇) = ∫ +∞―∞(𝐸 ― 𝐸𝐹)𝑛𝑇𝑒(𝐸)( ― ∂𝑓𝐹𝐷(𝐸,𝑇)∂𝐸 )𝑑𝐸
The heat transport coefficient of phonons is given by:
                (9)𝜅𝑝ℎ(𝑇) = 12𝜋∫∞0 ℏ𝑤𝑇𝑝ℎ(𝜔)∂𝑓𝐵𝐸(𝜔,𝑇)∂𝑇 𝑑𝜔
Where, fBE( ,T) and Tph( ) are the Bose-Einstein distribution function and phonon ω ω
transmission coefficient.
As shown in Figure 5, the electrical conductance, Seebeck coefficient, thermal conductance 
and ZT obtained in the TBGNRJs in the four twisting angles at 300 K are displayed. In the 
results, the chemical potential is a difference between the Fermi energy ( ) and the DFT-𝐸𝐹
predicted Fermi energy ( ). The valleys and peaks of electrical conductance are shown in 𝐸𝐷𝐹𝑇𝐹
Figure 5(a) because of different band structures and bandgaps of the monolayer and bilayer 
parts of the TBGNRJs[20]. In Figure 5(b), the development of thermal conductance at four 
rotation angles have a similar trend with electrical conductance, which is similar to what is 
reported in the reference[15]. This result illustrates that the Seebeck coefficient is a key 
parameter to achieve high ZT value in the TGNRJs. In Figure 5(c), the maximum of Seebeck 
coefficient in 21.8 o and 38.2 o rotation angles is about 0.75 mV/K, which is about 7.5 times 
higher than the pristine graphene (~0.1 mV/K)[5, 51]. Figure 5(d) shows the ZT values of four 
TBNGRJs, four peak ZT values are more than 1 for the 21.8 o and 38.2 o rotation angles at 300 
K. Particularly, in the 21.8 o rotation angle, the maximum ZT is 6.1, which is higher than most 
reported ZT values at room temperature[10, 52-54].
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Figure 5. The electrical conductance (a), thermal conductance (b), Seebeck coefficient (c) and ZT (d) obtained in 
the TBGNRJs with 0 o, 21.8 o, 38.2 o and 60 o rotation angles at 300 K.
To summarize, band structures calculated in Figure 2 are from twisted bilayer graphene cells 
in Figure 1. Whereas the band structures in Figure 6 are for nanoribbon structures with 
hydrogen passivation shown in red dotted boxes in Figure 3. In our simulation, the twisted 
bilayer graphene nanoribbon is periodic along the z-direction. Comparing with the twisted 
bilayer graphene cells (Figure 1), all the carbon atoms at the edges of the twisted bilayer 
graphene nanoribbon are passivated by hydrogen atoms and a vacuum layer of 25  is added  Å
along the x-direction. These modelling processes break the symmetry of original twisted bilayer 
graphene cells, thus inducing significant band structure differences between the angles 0° and 
60° (21.8° and 38.2°). The band structures of the four bilayer graphene nanoribbons along the 
Brillouin path through Г-Z because the Seebeck coefficient is derived from the bandgap [55]. 
Bandgap opening is shown following the twisting of the bilayer graphene nanoribbons, which 
results in an increase of the Seebeck coefficient [56]. As shown in Figures 6(b) and (c), the 
bandgaps of the 21.8 o and 38.2 o TBGNRJs are 0.15 eV and 0.14 eV, which are larger than the 
bandgaps of 0 o (0.02 eV) and 60.0 o (0.11 eV) rotation angles. However, the bandgap opening 
of the 0 o TBGNRJ is lower than the 25 meV (thermal fluctuation) at 300K, which is too small 
and tends to vanish in experiments. 
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Figure 6. The computed band structures of the twisted bilayer graphene nanoribbons with 0 o (a) 21.8 o (b), 38.2 
o (c) and 60 o (d) rotation angles. 
Figure 5 (a) and Figure 7 (a) clearly show that an electrical conductance and transmission 
spectra gap in the range [0.3 – 0.7 eV] observed for the 21.8 o and 38.2 o TBGNRJs, which is 
hypothesized to be the cause of a high Seebeck coefficient. In the Figure 5 (c) and Figure 7 (a), 
the position of the Seebeck coefficient peak is consistent with the position of the electrical 
conductance and transmission spectra gap (0.3 eV-0.7 eV), which matches with the reference 
[57]. For 21.8° and 38.2° TBGNRJs, a clear transmission peak near the Fermi energy is due to 
the band bending and edge states, which has been described in prior theoretical and 
experimental research [58-60]. In the 21.8° and 38.2° TBGNRJs, a transmission spectra gap 
observed in the transmission spectra within the energy range from 0.3 eV to 0.7 eV, which is 
not observed in the 0° and 60° TBGNRJs. It is known that the transmission spectra and 
electrical conductance gap can improve the Seebeck coefficient and thermoelectric 
performance [61, 62]. In our case, the transmission spectra and electrical conductance gaps are 
due to the special twisting angles between two graphene nanoribbons, which affect the 
electrons transport through the interface of the top and bottom of the bilayer. Because there is 
no such transmission spectra and electrical conductance gap with rotation angles 0° and 60°, 
the Seebeck coefficient and ZT remain very small in these structures. To summary, we analyzed 
the electrical conductance and thermal conductance for 21.8° and 38.2° TBGNRJs in a 0.2 eV 
energy range consisting of the ZT peak. As shown in Figure 7 (c) and (d), the main reason of 
the high ZT is that at 21.8° and 38.2° angles, TBGNRJ exhibits a very small thermal 
conductivity (K) with small variations along the energy axis, and a relatively large electric 
conductivity (Ge).
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Figure 7. The electron transmission spectra obtained in the TBGNRJs at 300 K (a), the thermal conductance 
obtained in a single GNR of same width with the 0° TBGNRJ (b), electrical conductance, thermal conductance 
and ZT in the 0.2 eV energy range of the ZT peak with 21.8 o (c) and 38.2 o (d) TBGNRJs.
Figure 8 shows a comparison of the thermal conductance of the TBGNRJs (shown in Figure 
5b) to that of a single GNR of same width. It is shown that there is a strong reduction of thermal 
conductance for the TBGNRJs compared with the single GNR. It is concluded that one of 
important contributions to the ZT enhancement of TBGNRJs should come from the strong 
reduction of thermal conductance. From Figure 5, the peaks of ZT higher than 1 exist in 21.8 o 
and 38.2 o rotation angles. We shall compute the thermal conductance of electrons and phonons 
for these TBGNRJs. As shown in Figure 9(a), the phonon contribution to the overall thermal 
conductance is much more than the electron contribution for ZT values of 2.7 and 2.0 in the 
21.8 o TBGNRJs. However, at the ZT value of 6.1, the electron contribution to thermal 
conductance is comparable to that from the phonon. The maximum ZT value of 38.2 o 
TBGNRJs is 1.2, at which thermal conductance of electrons is slightly larger than that of 
phonons (Figure 9(c)). Figure 9(b) and (d) show that the thermal conductance of phonons 
increases with the rise of temperature. With all the electron and phonon transport properties 
calculated, we can evaluate the figure of merit of TBGNRJs. In Figure 5(d), all the outlines of 
ZT are rather asymmetric, and each of them has some peaks around the 0 eV. So, we can 
enhance ZT by appropriate n-type or p-type doping in these TBGNRJs at 300 K. For the 21.8 o 
rotation angles, there are three peak values of ZT ~ 2.0, 2.7 and 6.1 at around -0.25 eV, 0.33 
eV and 0.68 eV, which means n-type doping are more favorable than p-type doping to improve 
the thermoelectric performance in the 21.8 o TBGNRJs. In the 38.2 o TBGNRJs, the maximum 
ZT value is 1.2 at 0.33 eV, which can be obtained by n-type doping. All these results suggest 
that 21.8 o TBGNRJs can obtain a significant improvement in thermoelectric performance at 
300 K.
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Figure 8. The thermal conductance obtained in a single GNR of same width with the TBGNRJs.
Figure 9. The electron and phonon contribution to the thermal conductance in 21.8 o (a) (b) and 38.2 o (c) (d) 
TBGNRJs. 
4 Conclusion
We have investigated the electron transport and thermoelectric performance of TBGNRJs for 
0 o, 21.8 o, 38.2 o and 60 o rotation angles by the first principles calculation. It is found that the 
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I-V curves of 0 o, 21.8 o and 38.2 o rotation angles exhibit behavior similar to p-n junctions. 
However, the 60 o TBGNRJs is different, which exhibits an I-V curve similar to a transistor. 
NDR is shown in TBGNRJs at 21.8 o and 38.2 o rotation angles under  V bias voltage. ± 0.2
High ZT values of 2.0, 2.7 and 6.1 have been achieved at -0.25 eV, 0.33 eV and 0.68 eV for 
the 21.8 o rotation angles at 300K. It is interpreted that the reason of high ZT values of 21.8 o 
TBGNRJ is due to its wider bandgap, transmission gap, electrical conduction gap and a strong 
reduction of thermal conductance for the TBGNRJs compared with the single GNR. Moreover, 
the phonon contribution to thermal conductance is much more than that of electrons in ZT 
values of 2.0 and 2.7 in the 21.8 o TBGNRJs. At the ZT value of 6.1, the electron contribution 
to thermal conductance is comparable to that of phonons. The outstanding ZT values of 
TBGNRJs make it a promising device structure for thermoelectric applications.
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